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Abstract. In this paper, we shall critically examine a special class of
graph matching algorithms that follow the approach of node-similarity
measurement. A high-level algorithm framework. namely node-similarity
graph matching framework (NSGM framework), is proposed, from
which, many existing graph matching algorithms can be subsumed,
including the eigen-decomposition method of Umeyama, the polynomial-
transformation method of Almohamad, the hubs and authorities method
of Kleinberg, and the kronecker product successive projection methods of
Wyk, etc. In addition, improved algorithms can be developed from the
NSGM framework with respects to the corresponding results in graph
theory. As the observation, it is pointed out that, in general, any
algorithm which can be subsumed from NSGM framework fails to work
well for graphs with non-trivial auto-isomorphism structure.
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1 Introduction

Graph, as a powerful and versatile mathematical tool, is widely used for the
description of structural objects in many application areas such as case-based
reasoning, semantic networks, document processing, image analysis, biometric
identification, computer vision, video analysis, and so on.

In applications such as pattern recognition and computer vision, object
similarity becomes the most important issue and based on the graph
representation, object similarity is simply transfer into the similarity degree
between two graphs which is known as the graph matching problems.

Various algorithms for graph matching problems have been developed,
which, according to (7], can be classified into two categories: (1) search-based
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methods which rely on possible and impossible pairings between vertices; and
(2) optimization-based methods which formulate the graph matching problem
as an optimization problem. Generally speaking, on one hand, search-based
methods will find optimal solutions, but require exponential time in the worst
case. On the other hand, optimization-based methods normally require only
polynomial-bounded computational time, but in some cases may fail to find
the optimal solution.

Most search-based approaches use the idea of heuristics [13, 15, 16] to
reduce the size of the searching space, while optimization-based methods have
followed distinct approaches, which again can be roughly classified in to two
groups, (1) traditional optimization based methods including linear
programming methods [2], quadratic programming approaches [12], Bayesian
methods [6], relaxation labeling [9], neural network [14], genetic algorithm [11]
and so on; (2) special theory based methods including symmetric polynomials
transformation [1], kronecker product successive projection [4], eigen-
decomposition method [17, 18], spectral embedding approach [3], and hubs
and authorities method [5, 10|, etc. In general, the traditional optimization
based methods transfer the graph matching problem to a classical
optimization problem and traditional optimization algorithm can be directly
applied, but this transformation sometimes conceals the essence and makes
the algorithm hard to be analyzed and improved. On the other hand, every
special theory based method usually provides a simple theoretical foundation
to deduce and analyze the corresponding graph matching algorithm, so the
principles and applied scope is relatively clearer. However, most special theory
based methods are only applicable for very special kind of graph pairs.

In this paper, instead of a new graph matching algorithm, an abstract
algorithm template called node-similarity graph matching algorithm template
shall be presented. This algorithm template can be seen as an abstraction of
many graph matching algorithms, such as SPGM of Almohamad (1], EDGM
of Umeyama [17], HAGM of Kleinberg [10], LSKPGM of Wyk [4], etc. In this
sense, a unified analysis and comparison can be provided on the starting
points, execution processes and constraints of these graph matching
algorithms. The rest of this paper is organized as following: Basic notations of
graph matching problem and node-similarity matching algorithm template are
introduced in section 2. Several concrete node-similarity algorithms are
proposed, tested and compared in section 3. In section 4 we shall extends the
node-similarity graph matching algorithm template for matching multiple-
weighted graph pairs and in section 5 an important limitation of node-
similarity graph matching algorithms are pointed out that all these algorithms
are not suitable for self-similar graphs. Section 6 simply concludes this paper.
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2 Graph Matching Problems

Following the definition of [1], a weighted graph G is denoted as an ordered
pair (N, w), where N is a set of nodes and w is a weighting function assigning
a weight w(v;, v;) to each pair of nodes (v, v;) (edge of the graph). The
adjacency matrix of a weighted graph G = (V, w) is defined as A, = {8},
where gy = w(v;, v;), i, j = 1, 2, ..., n, and n is the number of nodes in graph

Note: in this paper, only fully weighted graphs with no multiple edges are
considered.

For the reason of simplifying repression, without confusion, we shall not

distinguish a weighted graph G and its corresponding adjacency matrix Ag. In
other words, we shall simply express the adjacency matrix of G as graph G
itself.
The problem of matching two weighted graphs G and H of n nodes is to
find a one-to-one correspondence between the two corresponding sets of nodes
that minimizes the distance between G and H, which can be formulated in
terms of Frobenius-norm (denoted as o], ) as:

arg min PGP~ _ (1)

Peperm(n)

Where G and H are the adjacent matrices of the weighted graphs to be
matched and perm(n) is the set of all n-by-n permutation matrices.

Note: in this paper, we only handle the matching of two graphs with the
same size.

3 Node-similarity Graph Matching Algorithm Template

In general, completely solving formula (1) is nearly impossible, so we
propose the node-similarity based algorithm template as follow:

arg min||P - S(G, H), (2)
Peperm(n)

Where S is a node-similarity function from R™"xR™"to R™" satisfying
S(PGP™,H) =S(G, H)PT, for all P € perm(n) 3)

In other words, S(G, H) is a n-by-n matrix whose (ij)-entry expressing
some kinds of similarity between j-th node of graph G and i-th node of graph
H. (DO NOT mistake the order of i and j here)

Note 1: formula (2) is called a template either than an algorithm, because
the function S is left to be open, and each implementation of S will provide
corresponding node-similarity, and then matching algorithm.
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Note 2: formula (3) states that the similarity of two nodes is independent
with the order of the node in the graph.

Note 3: formula (2) can be easily solved by the Hungarian algorithm [8].

So a unified framework to generate and analyze graph matching algorithm
is constructed based on the implementation of node-similarity function S.

4 Some Algorithms of NSGM Template

In this section, some algorithms of the NSGM template will be introduced. We
use several Matlab command as denotations that supposing T is any symbols
expressing a matrix, then T(k,:) denotes the k-th row of T, G(:,k) denotes k-
th column, and T(i,j) denotes the ij-th entry of T. ® denotes the kronecker
product operator and vec() denotes the vectorization operator. sum(), sort(),
poly(), and diag() have the same meaning with corresponding Matlab

functions.

4.1 Directly Constructing NSGM Algorithms

Theorem 1: The following functions are all node-similarity functions.
$,(G, H)(i, j) =G (. )~ HGi 1)

$,(G.H)(i,j) = Y, ) G(k, ) x H(Li)

k=1 1=l
S; =vec((G®H +GT®HNH)™ xi,\:xl) , where m can be any natural number

and ], is a column vector with all n* elements 1.

The proof can be provided by verifying that formula (3) holds for S,, S, and
S,, where 1) and 2) is elementary and 3) can be simply proved by induction
on m. Details are omitted here.

Note 1: the corresponding node-similarity matching algorithm of function S,
is actually equivalent to the least square kronecker product graph matching
algorithm of Wyk [4].

Note 2: the corresponding node-similarity matching algorithm of function S,
is actually equivalent to the hubs and authorities matching algorithm of
Kleinberg [10].

Obviously, LSKPGM and HAGM algorithms have been re-interpreted in a
simple and unified form.

4.2 Constructing NSGM Algorithms by Node-attribute Functions

From Theorem 1, it can be seen that to construct a node-similarity function,
one has to consider a graph pair G and H at the same time, which sometimes
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makes the construction a little complicated. In this section a new kind of

functions called node-attribute functions will be introduced to simplify the
construction.

Definition 1: A node-attribute function is a function f:R™" — R™™
which satisfies

f(PGP™)=Pf(G), for all GeR™" and P € perm(n) (4)

Intuitively, f can be seen as a function mapping the edge attribute of graph
G to its node attribute.

We shall give some examples of the node-attribute functions.

Theorem 2 : The following functions are all node-attribute functions:
£(G)(k,:)=[sum(G(k,:)), sum(G(:k))|
f5(G)(k,:)=[sort(G(k,:)), sort(G(:,k))]
£(G)(k,:)=[poly(G(k,:)), poly(G(:,k))]

GX
f;(G)(:,k)=diag(—k) s k=1.2,....0:
n

The proof can be provided by verifying that formula (4) holds for ff;,
which are elementary and are omitted here.

Theorem 3: Function f, satisfies formula (4) if the matrix G’ (defined
below) only has single eigenvalues.

fs(G)=A, where A is calculated by 3 steps:
T ;

8.1) G'= G+2G i G‘ZG =1

8.2) Calculating the eigen-decomposition of the matrix G' =UDU’", where
D is the diagonal matrix of eigenvalues in descending order.

8.3) A =abs(U), which is the matrix whose entries are the absolute value
of corresponding entries of U.

The proof is trivial.

Note: the function f; doesn’t satisfy formula (4) for general case if the
matrix G’ has multiple eigenvalues.

Using the node-attribute function, one can easily construct the
corresponding node-similarity function by the following theorem.

Theorem 4: Let f be a node-attribute function, and S; is defined as:

S¢(G,H) = f(H) x f(G)"

Then S; is a node-similarity function.

Followed by Theorem 4, each node-attribute function in this Theorem
defines a corresponding node-similarity function denoted as S, to S;. The
matching algorithm by node-similarity functions S; and S, are exactly the
symmetric polynomials transformation graph matching algorithm SPGM of
Almohamad [1] and the eigen-decomposition method EDGM of Umeyama [17]
respectively.
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4.3 Testing of NSGM Algorithms

In this section, these algorithms generated by node-similarity function from S,
to S, are numerically compared. In each test, 500 pairs of isomorphic matrices
are generated by Matlab, whose elements are uniformly random numbers in
[0, 1]. For each pair G and H, a perturbation matrix E is added to Graph H,
where every elements of E is a uniformly random number in [0,&].
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Then the average of matching error for these algorithms are calculated and
compared. The matching error is defined as:

er(S,G,H) = “PSGPST -HﬂF —IIPOGl’oT - H"F
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where P, is the best matching permutation of G and H, Py is the matching

result calculated by node-similarity algorithm corresponding to node-similarity
function S.

The test result for € =0.05, 0.10 and 0.15 are shown in Fig 1-Fig 3.
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These eight algorithms are clearly in three groups: (1) inaccurate
algorithms including S,, S, and LSKPGM; (2) roughly accurate algorithms
including S, and SPGM; (3) accurate algorithms including: HAGM, EDGM
and S;. The algorithm of S; based on simply sorting the matrix elements, gets
almost zero-error in all three tests, which in one respect indicates that

complex computations usually cover the essence of the problem instead of
revealing the essence.

4.4 Computational Complexity

All these algorithms have two main steps, the calculation of node-similarity
and the calculation of permutation by Hungarian algorithm. The latter’s

computational is well known as O(n®), where nis the number of nodes in
graph G and H.
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Table 1. Computational complexity of NSGM algorithms

Complexity  Calculating Calculating
node- permutation In All
Algorithm similarity matrix
Sl

o’ o’) o(n’)
LKPGM om*) o(n*) O(n*)
HAGM O(n’m) o(n’) O(n’m)
S4 o(n*) o(n*) o(n®)
S5 o(n’) on’) o(n’)
SPGM om®) o(n’) on®)
S7 Oo(n*) o(n’) o(n*)
EDGM om’) o(n*) o(n*)

5 Extension

In the discussion above, only the weighted graphs are considered. But at some
circumstance, we have to deal with the multi-weighted graph matching
problems which can be defined as:

m
sy o)

where the G, and H; are the i-th weight matrices of graph G and H.

The node-similarity algorithm template can be directly expanded for these
multi-weighted graphs as:

arg min||P[l,l,---.l]—[S(G,,H,),S(Gz,Hz),---,S(Gm,Hm)]"F

Peperm(n)

where I is the n-by-n identity matrix.

From above, we can see that to solve a multi-weighted graph matching
problem using the node-similarity algorithm is as simple as the normal
weighted graph matching problem.

6 Limitation of NSGMT

Let S be a node-similarity function satisfying (3)
S(PGPT,H) = S(G,H)PT, for all P € perm(n) .
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0
0
Specially, we choose P, =[: : : .
0 00 0 1
1 00 0 O
Graph G is also chosen to be special that satisfying

(=]

0 0
1 0

- O
L)

P,GPJ =G (5)
Then from formula (3), we get
S(G.H) = S(P,GP{, H) = S(G, H)P] (6)
Which means all columns of S(G, H) are equal
S(G,H) =[v, v,---v] (7

Then we get the following theorem:

Theorem 5: Let graph G be a circle, then G satisfies formula (4) and (6).

In this case, any permutation is an optimal solution of formula (2). The node-
similarity algorithm fails to work.

Theorem 5 only claims that NSGMT are not applicable for circles, how
about others? In fact, the essence of this failure is that if graph G is self-

similar, which means there is a non-trivial automorphism of graph G, the
NDGMT will fail to distinguish those similar nodes of G.

7 Conclusion

In this paper, a unified framework for generating, testing, analyzing,
comparing and expanding the node-similarity graph matching algorithms are
presented. On one hand, this work provides a new view on those traditional
graph matching algorithms based on different theories to see them
consistently. On the other hand, this work also point out the essential
limitation of solving graph matching problems by simply comparisons of node
similarity. This gives us an important enlightment for developing new
matching algorithms beyond this algorithm template.
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